Abstract. In the planar N-body problem, N point masses move in the plane under their mutual gravitational attraction. It is classical that the dynamics of this motion conserves the intgrals of motion: center of mass, linear momentum, angular momentum c, and energy h. and for all for three masses, and for four equal masses.
Introduction
This note is part of a recent series of investigations 11, 12, 13] of the topology of the integral manifolds in the N-body problem. The N-body problem refers to the motion of N point masses, moving under their mutual gravitational attraction. In the planar N-body problem, the particles are all constrained to a plane. As a Hamiltonian system, the dynamics conserves the quantities of center of mass, linear and angular momentum, and energy. A level set of these rst integrals is the so-called integral manifold m. The system also admits a rotational symmetry about the angular momentum vector, and the resulting quotient manifold is the reduced integral manifold m R .
The (reduced) integral manifold is an open algebraic set of dimension 4N?6 (resp. 4N? 7) , with the precise structure depending on the values m 1 ; : : : m N of the masses, the angular momentum c and the energy h. As the topology of the underlying integral manifold clearly in uences the dynamics, it is natural to try to understand that topology, and its dependence on the masses, angular momentum and energy. It is a classical result that, for xed masses and non-zero angular momentum, the topology of the integral manifold depends only on the quantity = ?hc 2 . To indicate this dependence, we will denote the integral manifolds and reduced integral manifolds by m(M; ) and m R (M; ), where M = (m 1 ; : : : m N ) is used to display the dependence on the masses.
Many authors have investigated the structure of these manifolds (and the related spatial manifolds) 1, 4, 6, 21, 22] , with the manifolds of the three-body problem receiving particular attention 1, 3, 7, 9, 12, 13, 20] . For the general case of N masses, comparatively little is known about the spatial problem. In the planar problem, the most important analysis is 1 that of Smale 22] . He showed that the topology of the integral manifolds is completely determined by the level sets of the gravitational potential That is, and map onto r(M; ) and r R (M; ) respectively, and under either or , the pre-image of a point in the interior is a (2N ? 3)-sphere, while the pre-image of a point in the boundary is a single point. This theorem is the starting point for our analysis of the integral manifolds. Smale described the topology of m R (M; ) in terms of the topology of subsets of P R (M). In this work, we will build on that analysis to describe the homology of m R (M; ) in terms of the homology groups of P R (M) and its subsets. There several reasons for doing so. First, it is usually much easier to describe the homology of a set than to describe the set itself. That is particularly true for the high-dimensional sets considered here. Second, because the descriptions of the spaces themselves are often local rather than global, it is not always easy to tell when the homeomorphism type of the integral manifold has changed: a change in the local description as M or is varied does not always indicate a change in the overall structure of the space. But the homology groups are global invariants, giving insight into the global structure of the space, and detecting changes in that global structure. Third, we will see that there are certain aspects of the integral manifolds that are constant, independent of M and . These are not obvious in the topological description of Theorem 1.1.
One important aspect of this theorem is that it shows that the topology of the integral manifolds can change only at the critical values of U M , the so-called central con gurations. This is one of the reasons that central con gurations have been intensively studied (Moeckel' The presence of the SO 2 symmetry guarantees that critical points of V M will always be degenerate, as they lie on SO 2 -orbits of critical points. Thus, we will restrict our attention to U M and P R (M). Fortunately, there is no real loss in this. We can restict our homological calculations to the reduced spaces, as the values of the \unreduced" spaces follow immediately. That is, it su ces to compute the homology groups for the reduced manifolds. For the rest of this work, we will restrict our attention to m R (M; ) and the other reduced spaces. The tool for doing so is the following result, which can be viewed as a translation of Smale's decomposition into homological terms. : That is, we have reduced the problem to one of understanding the homology of the level sets of U M . These formulae will be used in two ways. When all of the central con gurations of U M are known, we can compute the homology of m R (M; ) for all . We will see in x4 that these computations can be reduced to a more or less algorithmic procedure. Even when the central con gurations are not all known, these formulae can be exploited to provide partial information about the homological structure of m R (M; ). Both of the homological formulae for negative energy are useful in these. For example, from the rst formula we obtain: On the other hand, it follows immediately from the second formula that: Corollary dim (H p (P R (M))) : That is, for all masses and energies, the integral manifold is at least as complicated as the con guration space. We will examine the structure of the con guration space in more detail in x 3.2, but for now it su ces to note that the homology of P R (M) is well known.
It is torsion-free, and the Betti numbers are most easily expressed in terms of the Poincar e polynomial (i.e. the polynomial whose ith coe cient is the ith Betti number). The Poincar e polynomial is
We know that the homology of the integral manifold is at least this rich (for negative energies, twice as rich). In some cases, we can say more, identifying ranges of values for which is an isomorphism. : The paper is organized as follows. The next section reviews the decomposition of the integral manifold. Section 3 gives the proofs of Theorems 1.2 and 1.3 and some of the corollaries. Section 4 develops a procedure for computing the homology groups and applies that procedure to calculate the homology of m R (M; ) for three bodies, and for four bodies with equal masses.
Decomposition of the Integral Manifolds
For completeness, and to help establish notation, we brie y review the de nition of the integral manifold and the reduction to the con guration space.
Let the particles have masses m 1 ; : : : m N ; positions q 1 ; : : : q N ; and momenta p 1 ; : : : p N respectively. As we are restricting our attention to the planar problem, the position and momentum vectors will all be two-dimensional vectors.
Written as a system of rst order equations, the equations of motion are _ q i = p i m i ; _ p i = @V M @q i ; i = 1; : : : N; (1) where the dot represents the derivative with respect to time, V M is the potential
and G is the universal gravitational constant. Since there are 4N vectors in (1) the phase space of the problem is R 4N n , where is the collision set f(q 1 ; : : : ; q N ; p 1 ; : : : ; p N ) j q i = q j ; i 6 = jg. Here and below is the generic symbol for the collision set.
The equations of motion admit the six known integrals. There are four integrals of linear momentum expressing the fact that the center of mass of the system moves with uniform velocity in a straight line. We assume that our original Newtonian reference frame has the center of mass xed at the origin, so that in this frame the linear momentum integrals are
Conservation of angular momentum provides one more integral
q i1 p i2 ? q i2 p i1 = c: (5) We will restrict our attention to the case c 6 = 0. Lastly, there is the energy integral
The integral manifold is the (4N ?6)-dimensional algebraic set described by the equations m(M; ) = f(q 1 ; : : : ; q N ; p 1 ; : : : ; p N ) 2 R 4N n j (3 ? 6) holdg:
The the reduced integral manifold is the orbit space m R (M; ) = m(M; )=SO 2 : of the natural rotational symmetry about the z-axis. Since both the integrals and the di erential equation are invariant under this symmetry, there is a well-de ned ow on this
The notation for the integral manifold and reduced integral manifolds was chosen to emphasize that the topology of these sets depends on the masses and the quantity = ?hc 2 , rather than on c and h separately. To see this, apply the transformation q 0 = q 2 ; p 0 = p: The integrals for the center of mass and linear momentum are unchanged, while the integrals for angular momentum and energy become:
That is, the transformation maps the integral manifold with angular momentum c and energy h homeomorphically to the integral manifold with angular momentum c and energy 2 h. Conversely, any integral manifold with angular momentum c 0 and energy h 0 such that h 0 c 02 = hc 2 is homeomorphic to the integral manifold with angular momentum c and energy h.
The one exception is when = 0. As discussed in x 1, the case c = 0, h 0 is distinct from all other cases of hc 2 This characterization of the Hill's region as a projection of the integral manifold is useful for relating the two spaces, but not for understanding the structure of the Hill's region itself. For that, we make use of a direct formulation of the Hill's region. Following Smale 22] , we de ne the moment of inertia as
Proposition 2.1. The Hill's region, h(M; ), is the set of q = (q 1 ; : : : ; q N ) such that P N i=1 m i q i = 0 and h + V M (q) c 2 4I M (q) ; (9) and @h(M; ), the boundary of h(M; ), is the set on which equality holds in (9) . (4) de ne two planes through the origin in p-space, the intersection of such a level set and (4) is a (2N ? 3)-dimensional ellipsoid.
For xed q, use of Lagrange multipliers shows that the minimum of K on the hyperplane de ned by the linear momentum constraint (4) and angular momentum constraint (5) The last inequality is a quadratic in which always has a solution of the form a; +1) for h > 0. For h < 0 this last inequality has a solution if the discriminant is positive i.e. In this section we present the homological arguments needed to prove the results described in the introduction. As an important preliminary to this, we begin with a brief review of the homology of the mass ellipsoid and reduced mass ellipsoid. In the important special case of a circle bundle (i.e. k = 1), the Thom class not only determines the homology of the bundle, it identi es the bundle up to ber homotopy equivalence. There is a one-to-one correspondence between S 1 -bundles over a compact base space B and homotopy classes of maps B; C P 1 ] from B to C P 1 . Since C P 1 is an Eilenberg-MacLane space of type K(Z; 2), if B is a CW-complex, then there is also a one-to-one correspondence between B; C P 1 ] and H 2 (B). Composing the two equivalences gives a one-to-one correspondence between principal S 1 bundles p : E ! B and Thom classes U E 2 H 2 (B). In particular, U E = 0 if and only if E is ber homotopy equivalent to the trivial bundle B S 1 which is in turn equivalent to H (E) = H (B) H (S 1 ).
3.2. The Con guration Space. This analysis is based on the decomposition of the conguration spaces described by Fadell and Neuwirth 8] . In that work, they study spaces of the form F p;q (X) = f(x 1 ; : : : ; x p ) 2 X p j x i 6 = x j ; x i 6 2 Qg ; where Q is a set with cardinality q. By projecting onto the rst r coordinates, there is a natural bration F p?r;q+r (X) ! F p;q (X) ! F r;q (X): Note that F 1;q (X) = X n Q, so F 1;q (R 2 ) is the q-punctured plane, which is homotopic to a qfold wedge of circles W q S 1 . Using this as a starting point, and the bration as the induction step, the homology of F p;q (R 2 ) can be computed as
Moreover, the inclusion F p?r;q+r (R 2 ) ! F p;q (R 2 ) induces an injection on homology.
The mass ellipsoid is a strong deformation retract of the con guration space In particular, ij = C P 4. Computations Having reduced the homology of the integral manifolds to the homology of various sublevel and super-level sets of U M , we would like to simplify the computations of the homology groups of those sets as much as possible. As has already been noted, the complete set of critical values of U M must be known before the homology calculations can be carried out. The goal of this section is to show that local information about the critical points, coupled with the global information about P R (M) already available to us, can su ce to compute all of the homology groups. Morse theory and its generalization, the Conley index 5], are the natural tools for doing this. In this section, we show that a single algebraic object, the connection matrix of the Conley index theory, can be used to compute the homology groups for all sub-level and super-level sets of U M . This is then applied to the three-body problem, and the four-body problem with equal masses, to compute the complete table of integral manifold homology groups in those problems. That is, if we know all of the critical points and know the local structure of U M at each of those critical points, we can compute the chain complex C (M). Since H (0 : : : n(M)) = CH (S 0;n(M) ) = H (P R (M)), we know both the chain complex (M) is de ned on and the homology it is to compute. This determines the rank of the boundary operator (M) : C p (M) ! C p?1 (M), and in some cases uniquely determines (M). If (M) is known, any desired submatrix (i : : : j) can be selected, and CH (S ij ) can be computed. In particular, CH (S 0;i?1 ) and CH (S i;n(M) ) can be computed for all i, and so H (a R (M; )) and H (r R (M; ); b R (M; )) can be computed for all regular values of .
There are a few limitations to this procedure:
The ranges i and the Conley indices of all of the sets S i must be known. The rank condition does not always completely determine (M).
The connection matrix computes H (a R (M; ); b R (M; )), but it is H (a R (M; )) that is required in Theorem 1.3. The rst limitation, as has been noted above, is fundamental: this procedure can only be applied if the full set of critical values is known. But knowing the Conley indices of the sets S i is less onerous. As indicated, the Conley index is easily computed for a nondegenerate critical point. Further, it is stable under small perturbations in the function. If U M is a Morse function for a generic set of masses, as has been conjectured, these properties of the Conley index can be combined to compute the indices for all masses. Similarly, a connection matrix (M) de ned for one choice of masses remains a connection matrix for nearby masses. Thus both the data required for the computation and the results obtained from the computation remain stable under small perturbations in the masses: In the three-body problem with masses M = (m 1 ; m 2 ; m 3 ), there are ve critical points for the gravitational potential: the three Euler (collinear) con gurations and the two Lagrange (equilateral) con gurations. All are non-degenerate: the Lagrange con gurations have index 0 and the Euler con gurations have index 1. The two equilateral con gurations always occur at the same potential level (as they di er only by a re ection), while the three collinear con gurations generically occur at di erent potential levels 1 , 2 , 3 .
Thus . More precisely, a set of central con gurations has been known for some time, and had been conjectured to be the complete set. Albouy veri ed the conjecture, establishing that there are 50 central con gurations, occuring in four classes: 6 square con gurations; 8 equilateral con gurations; 24 isosceles con gurations and 12 collinear con gurations. All are non-degenerate, and all con gurations in the same class have the same potential value. The potential levels for the isosceles and collinear con gurations are only known numerically. The information about the central con gurations is given in Table 3 There are four critical values 0 < 1 < 2 < 3 ,
Con guration Potential Multiplicity Index Square 7:6568Gm Table 4 Note that, in case (iii), the rank of (1; ?! Z 24 rk13 ?! Z 14 0 Table 4 . H (a R ) and H (r R ; b R ) for Four Equal Masses rank 7 or rank 8, but the rank information used so far does not indicate which. Some special pleading is required to decide between the two possibilities.
If the rank is 7, then CH 0 (S 123 ) = Z; while if the rank is 8, CH 0 (S 123 ) = 0. For any isolated invariant set S, CH 0 (S) gives the number of attracting components of S { that is, the number of components for which there is an isolating neighborhood on whose boundary the ow is strictly inward. A component of S 123 could only be attracting if it contains an attracting critical point; that is, an equilateral con guration. But, for each equilateral conguration, its stable manifold intersects the unstable manifold of some isosceles con guration (because every column of (1; 2) is non-zero). And the unstable manifold of each isosceles con guration also intersects the stable manifold of some square con guration (because every row of (0; 2) is non-zero). Thus every isolating neighborhood of S 123 contains an orbit that exits in forward time, and CH 0 (S 123 ) = 0. With this, the chain complexes for H (a R (M; )) and H (r R (M; ); b R (M; )) are completely determined, and the homology of the integral manifolds is completely determined.
Note that the homology groups of the ve ranges are all distinct, con rming that the topology of the integral manifold does indeed change at each of the central con gurations.
Concluding Remarks
Having completed the main task of analysing the homology of the integral manifolds, we now turn to some related issues: the homology of the Hill's regions; the use of the integral manifold homology in detecting bifurcations. Another application, the use of the integral manifold homology in searching for global cross sections, is considered in 11]. Thus passing through any critical value of U M whose maximal invariant set has non-zero index must produce a change in the topology of the integral manifold. Whether or not the converse is true is an open question.
